Abstract. We deal with instanton bundles on the product P 1 × P 2 and the blow up of P 3 along a line. We give an explicit construction leading to instanton bundles. Moreover, we also show that they correspond to smooth points of a unique irreducible component of their moduli space.
Introduction
A smooth irreducible closed subscheme X ⊆ P N of dimension 3 is called a Fano threefold if its anticanonical line bundle ω −1 X is ample (see [10] for the results about Fano threefold mentioned in what follows). The index i X of a Fano threefold is the greatest integer such that ω X ∼ = O X (−i X h) for some ample line bundle O X (h) ∈ Pic(X). Such a line bundle O X (h) is uniquely determined and it is called the fundamental line bundle of X.
One has 1 ≤ i X ≤ 4 and for each i X in this range there is a finite number of deformation families of Fano threefolds of index i X . E.g., if i X = 4, 3 if and only if X is isomorphic to either P 3 , or the smooth quadric in P 4 , respectively. There exist 8 deformation families of Fano threefolds with i X = 2 and 95 with i X = 1.
In the seminal paper [4] the authors introduced for the first time instanton bundles on P 3 as rank 2 bundles E such that c 1 (E) = 0 and h 0 P 3 , E = h 1 P 3 , E(−2) = 0. Since then, instanton bundles have been widely studied, especially from the viewpoint of the smoothness and connectedness of their moduli space.
Also a number of generalizations of instantons appeared. E.g. in [6] (see also [12] ) the author extends the notion of instanton bundle to each Fano threefold with cyclic Picard group as those rank two bundles such that c 1 (E) = (2q X − i X )h and h 0 X, E = h 1 X, E(−q X h) = 0, where
The author also studied therein instanton bundles on several Fano threefolds X with indices 1 ≤ i X ≤ 3. In [14, 5] the authors extended the definition of instanton bundle to each Fano threefold. In order to understand such a definition we recall the notion of µ-(semi)stability. For each sheaf F on X the slope of F with respect to O X (h) is the rational number µ(F ) := c 1 (F )h 2 /rk(F ). We say that the coherent torsion-free sheaf F is µ-stable (resp. µ-semistable) with respect to O X (h) if µ(G) < µ(F ) (resp. µ(G) ≤ µ(F )) for each subsheaf G with 0 < rk(G) < rk(F ). Definition 1.1. Let X be a Fano threefold.
A vector bundle E of rank 2 on X is called an instanton bundle if the following properties hold:
• c 1 (E) = (2q X − i X )h;
• E is µ-semistable with respect to O X (h) and h 0 X, E = 0; • h 1 X, E(−q X h) = 0;
The class c 2 (E) ∈ A 2 (X) is called the charge of E.
When Pic(X) ∼ = Z and E is a rank 2 bundle with c 1 (E) ∈ { 0, −h }, then the vanishing h 0 X, E = 0 is equivalent to the µ-stability of E. This is no longer true if rk Pic(X) ≥ 2.
Nevertheless, a bundle E which is either µ-stable with c 1 (E) = 0, or µ-semistable with c 1 (E) = −h always satisfies h 0 X, E = 0. In particular, the latter vanishing on Fano threefolds with odd i X is an immediate consequence of the other properties in Definition 1.1.
In [14] the authors studied bundles which are instanton in the sense of the previous definition on the flag threefold, i.e. the general hyperplane section of the Segre image of P 2 × P 2 . In [5] a similar description has been given for the blow up of P 3 at a point, where the condition on a class ζ ∈ A 2 (X) for being the charge of an instanton bundle are also given. An analogous study on P 1 × P 1 × P 1 is the object of [2] .
All these threefolds are important examples of Fano threefolds of index 2 and they complete the analysis of instanton bundles on Fano threefolds of index 2 with very ample fundamental divisor.
In the paper [5] the authors introduced the following definitions, where Λ denotes the Hilbert scheme of lines in X. Definition 1.2. Let E be an instanton bundle on a Fano threefold X.
• We say that E is generically trivial on Λ (resp. on the component Λ 0 ⊆ Λ) if h 1 L, E((i X − 2q X − 1)h) ⊗ O L = 0 when L ∈ Λ (resp. L ∈ Λ 0 ) is general.
• We say that E is earnest if h 1 X, E(−q X h − D) = 0 when |D| = ∅ contains smooth integral elements.
If i X is even, generically trivial instanton bundles on the component Λ 0 ⊆ Λ are the instanton bundles such that E ⊗ O L ∼ = O ⊕2 P 1 for each general L ∈ Λ 0 , while when i X is odd, the ones such that E ⊗ O L ∼ = O P 1 (−1) ⊕ O P 1 . Each instanton bundle is generically trivial if i X ≥ 3 (see [6] ). When i X ≤ 2 the generic triviality of each instanton bundle has been conjectured in [12, Section 3.7 and Conjecture 3.16] .
The notion of earnest instanton bundle is related to the µ-semistability of its restriction to general hypersurface sections: see the introduction of [5] for some details. In particular, if Pic(X) ∼ = Z each instanton bundle is earnest, thanks to a theorem of Maruyama (see [5, Examples 3.2 and 3.3] ). One can prove that the same is true when X is either the flag threefold (see [5, Example 3.4] ), or P 1 × P 1 × P 1 (see [2] ). When X is the blow up of P 3 at a point, it is not immediate whether instanton bundles are earnest or not. Indeed, in [5] the authors are able only to prove that the apparently infinite set of vanishing in the above definition reduces to the single vanishing for the exceptional divisor of the blow up. Moreover, the existence of earnest instanton bundles on that Fano threefold is proved for every admissible choice of the charge.
In the present paper we focus our attention on F 0 := P 1 × P 2 and on the blow up F 1 of P 3 along a line R. Notice that F e is a Fano threefold with i Fe = 1 for e = 0, 1. We have a natural isomorphism F e ∼ = P(P e ) π −→ P 1 , where
throughout the whole paper, following [7] , for each coherent sheaf G on F e we set P(G) := Proj(Sym(G)). We denote by ξ e and f the classes of O P(Pe) (1) and π * O P 1 (1) respectively. Thus we have an isomorphism
e f ). The fundamental line bundle is O Fe (3ξ e + (2 − e)f ). If e = 1 it corresponds to the quartic surfaces throughout R. From now on E ⊆ F 1 denotes the exceptional divisor of the blow up. The arguments used in the two cases e = 0 and e = 1 are definitely similar. Indeed the two threefolds behave in a very similar way, as we show in Section 3.
We first deal with the threefold F 1 in Sections 4, 5, 6 and 7. We then describe the changes in the arguments which are necessary for dealing with F 0 in the last Section 8.
Section 2 contains some general and well-known results concerning instanton bundles on Fano threefolds, while Section 3 is devoted to list some results on the threefolds F e .
In Section 4 we first prove that the coefficients α and β for the charge αξ 2 1 + βξ 1 f of an instanton bundle satisfy a list of restrictions: among them α ≥ 2, α + β ≥ 4 and, for earnest instanton bundles, β ≥ 1. Then we prove the existence of a monad associated to each instanton bundle on F 1 .
More precisely, for every choice of integers α, β, γ, δ with α ≥ 2, γ ≥ 0 and
we set
Our first main result is as follows. Theorem 1.3. Let E be an instanton bundle with charge αξ
. Conversely, if the cohomology E of the monad C • 1 is a µ-semistable bundle for some integers α, β, γ, δ, then E is an instanton bundle with charge αξ
As an almost immediate by-product of the above monadic description we characterize earnest instanton bundles E as the ones such that the single vanishing
holds (see Corollary 4.10). Moreover, we also prove that the charge αξ 2 1 + βξ 1 f of an instanton bundle always satisfies 4α + 3β ≥ 15.
In Section 5 we deal with the existence of instanton bundles for all the admissible values of their charge αξ 2 1 + βξ 1 f , i.e. α ≥ 2, α + β ≥ 4 and 4α + 3β ≥ 15. More precisely, we describe therein a construction (see Construction 5.1) leading to certain bundles E of rank 2 with c 2 (E) = αξ 2 1 + βξ 1 f and then we prove the following result. Theorem 1.4. If α ≥ 2, α + β ≥ 4, 4α + 3β ≥ 15, then the bundle E obtained via Construction 5.1 is a generically trivial µ-stable instanton bundle E with charge αξ
E, E = 0. We then conclude the section proving that all the bundles above represent points in a single component of the moduli space of instanton bundles.
It is noteworthy to remark that Construction 5.1 often returns non earnest bundles. E.g. such bundles are certainly non earnest when either β ≤ 0 (indeed, in this case, h 1 F 1 , E(−ξ + f ) = γ ≥ 1 thanks to Corollary (4.5) or Inequalities (1.1) above), or α ≥ 4 without restrictions on β (see Remark 5.3). Thus it is quite natural to ask if it is possible to find different constructions leading to earnest instanton bundle.
A first trivial remark is that this is certainly not possible when β ≤ 0, because 1 − γ ≤ β. But even if β ≥ 1, we are not able of deducing the existence of earnest instanton bundles, because of the aforementioned Remark 5.3.
For this reason, in Section 6, we describe a second alternative construction (see Construction 6.1) which returns earnest instanton bundles for all the admissible values of α and β, i.e. when α ≥ 2, β ≥ 1 and 4α + 3β ≥ 15. More precisely, we prove the existence of bundles E of rank 2 with c 2 (E) = αξ 2 1 + βξ 1 f such that the following result holds true. Theorem 1.5. If α ≥ 2, β ≥ 1, 4α + 3β ≥ 15, then the bundle E obtained via Construction 6.1 is an earnest, generically trivial, µ-stable instanton bundle E with charge αξ
E, E = 0. As in the previous case we finally prove that all the bundles above represent points in a single component of the moduli space of instanton bundles.
In what follows we will denote by I F1 (αξ 2 + βξf ) the locus of points representing instanton bundles with charge αξ 2 + βξf in the moduli space M F1 (2; 0, αξ 2 + βξf ) of vector bundles E of rank 2 with c 1 (E) = 0 and c 2 (E) = αξ 2 + βξf which are µ-stable with respect to O F1 (h).
In view of the irreducibility of the moduli space of instanton bundles on P 3 recently proved in [17, 18] , and the results listed above it is natural to ask whether I F1 (αξ 2 +βξf ) is irreducible as well, or at least if Constructions 5.1 and 6.1 actually give bundles in the same component when α ≥ 2, β ≥ 1, 4α + 3β ≥ 15.
We are not able to answer the above natural questions. Nevertheless, in Section 7 we deal with them, giving very partial answers in few particular cases.
In Section 8, we turn our attention to the threefold F 0 . The following two theorems are proved with the same arguments used in Theorem 1.3, in Construction 6.1 and in Theorem 1.5.
More precisely, for every choice of integers α, β with α ≥ 2, β ≥ 3, α + β ≥ 6 we set
The first main result of Section 8 is as follows. where γ := h 1 F 0 , E(ξ 0 − f ) . Conversely, if the cohomology E of the monad C • 0 is a µ-semistable bundle for some integers α, β, γ, then E is an earnest instanton bundle with charge αξ
Then we describe a construction (see Construction 8.6) leading to bundles E of rank 2 with c 2 (E) = αξ 2 0 + βξ 0 f such that the following result holds. Theorem 1.7. If α ≥ 2, β ≥ 3, α + β ≥ 6, then the bundle E obtained via Construction 8.6 is an earnest, generically trivial, µ-stable instanton bundle E with charge αξ
E, E = 0. 1.1. Acknowledgements. The authors would like to express their thanks to the referee for her/his criticisms, questions, remarks and suggestions which have considerably improved the whole exposition.
General facts
We list below some general helpful results used throughout the whole paper. Let X be any smooth projective variety with canonical line bundle ω X .
If G and H are coherent sheaves on X, then the Serre duality holds
(see [8, Proposition 7.4] ). Let F be a vector bundle of rank 2 on X and let s ∈ H 0 X, F . In general its zero-locus (s) 0 ⊆ X is either empty or its codimension is at most 2. We can always write (s) 0 = S ∪ Z where Z has codimension 2 (or it is empty) and S has pure codimension 1 (or it is empty). In particular F (−S) has a section vanishing on Z, thus we can consider its Koszul complex
If S = 0, then Z is locally complete intersection inside X, because rk(F ) = 2. In particular, it has no embedded components. The above construction can be reversed by the Serre correspondence as follows.
Theorem 2.1. Let Z ⊆ X be a local complete intersection subscheme of codimension 2.
) F has a section s such that Z coincides with the zero locus (s) 0 of s. Moreover, if H 1 X, L ∨ = 0, the above two conditions determine F up to isomorphism.
Proof. See [3] .
The Riemann-Roch formula for a vector bundle F on a threefold X is
(see [7, Theorem A.4 
.1]).
We close the section by listing some results on instanton bundles which hold true on Fano threefold X with i X = 1. The first result is the following trivial specialization of Formula (2.1) for bundles F with c 1 (F ) = −h:
for each line bundle O X (D) ∈ Pic(X). In particular h 0 X, F = h 3 X, F , hence the following lemma is easy to prove. Moreover, χ(O X ) = 1 and
(see [7, Exercise A.6.7] ).
Lemma 2.2. Let X be a Fano threefold with i X = 1. A µ-semistable bundle E of rank 2 on X such that c 1 (E) = −h is an instanton bundle if and only if h i X, E = 0 for each i.
Proof. If E is an instanton bundle the statement follows from the definition and Equality (2.5). The converse is true by definition.
If E is an instanton bundle on X, then we know that E ⊗ O H is µ-semistable for each a general hyperplane section H of X thanks to [15, Theorem 3 .1]), hence the Bogomolov inequality for E ⊗ O H yields
Moreover if E is also simple, then dim Hom X E, E = 1. It follows from Equality (2.1) that Ext
Since, being E simple, each non zero endomorphism of E is an automorphism, it follows that ϕ = 0, i.e. dim Ext
3. The threefolds F 0 and F 1
In this section we list all the basic results on the two threefolds F 0 and F 1 that we will use in the next sections.
The threefold F 0 = P 1 ×P 2 is trivially endowed with the projections σ 0 : F 0 → P 2 and π : (1) and π * O P 1 (1) are obviously globally generated. Also F 1 is endowed with two natural morphisms, the blow up map σ 1 :
and the natural projection π :
Recall that ξ 1 and f are the classes of O P(P1) (1) and π * O P 1 (1) respectively. Trivially π * O P 1 (1) is globally generated. Since P 1 is globally generated, it follows that the same holds for
In both the cases we have an embedding F e ⊆ P 29 induced by the linear system O Fe (h e ) = O Fe (3ξ e + (2 − e)f ) and ω Fe ∼ = O Fe (−h e ): in particular F e is a Fano threefold with i Fe = 1 and deg(F e ) = h 
and the exact sequence of sheaves of differentials
2 e + (6 − 2e)ξ e f . In particular, if E is an instanton bundle with charge αξ 2 e + βξ e f on F e , then c 1 (E) = −h e , hence Equalities (2.4) and (2.6) yield
Notice that the pull-back via π of the Euler sequence on P 1 returns the exact sequence
3) We now describe three interesting families of smooth rational curves inside F e .
Remark 3.1. Let L be a line on F e , i.e. a curve such that Lh e = 1. If we denote by aξ 2 e + bξ e f its class in A 2 (F e ), then we must have
and O Fe (ξ e ) are globally generated, it follows that 
In particular L is cut out on E by a divisor in |ξ 1 |. The cohomology of the exact sequence
and [7, Exercises III.8.1 and III. 8.3] imply that the linear system |L| on the surface E ∼ = P 1 × P 1 has dimension 1, hence |L| is one of the rulings of lines on E: in particular distinct elements in |L| do not intersect each other. The Hilbert scheme Λ of lines inside F 1 is then isomorphic to P 1 and O L fits into the exact sequence
Restricting the above sequence to L we finally obtain
Conversely, the intersection L of general elements in |ξ 1 − f | and |ξ 1 | is a smooth curve. Since Lh 1 = 1, it follows that L represents a point in Λ, thanks to the Bertini theorem.
Remark 3.2. If e = 0, let M be a fibre of σ 0 . If e = 1 let M be the pull-back of a line not intersecting the blown up line R ⊆ P 3 .
e and we have M h e = 2(1 + e). Consider now the very ample line bundle O Fe ( h e ) := O Fe (ξ e + f ): it is easy to check that M h e = 1 + e. In what follows we will denote by Λ M the Hilbert scheme of curves in F e obtained as described above: Λ M is isomorphic to P 2 if e = 0 and to an open set of the Grassmann variety of lines in P 3 if e = 1, hence it is irreducible and rational of dimension 2(1 + e).
Notice that not all curves in the class ξ 2 1 ∈ A 2 (F 1 ) represent a point in Λ M : e.g. every union of a curve in Λ with a curve with class ξ 1 f has class ξ 2 1 . The structure sheaf O M fits into the exact sequence
In particular we have N M|Fe ∼ = O P 1 (e) ⊕2 . Conversely, the intersection M of two general elements in |ξ e | is a smooth curve representing a point in Λ M by the Bertini theorem.
Clearly, distinct general elements in Λ M do not intersect each other and it is easy to check that they similarly do not intersect the general element in Λ.
Remark 3.3. In the Remark 3.1 we dealt with lines on F e embedded in P 29 via O Fe (h e ).
It is easy to check that every line L on F e also satisfies L h e = 1. Conversely, if N is any curve with class aξ Let us deal with the case a = 0 and b = 1. To this purpose, we will denote by Λ N the Hilbert scheme of curves in F e whose class in A 2 (F e ) is ξ e f . The equality N f = 0 implies that N is contained in a fibre of π, hence N is cut out on that fibre by a divisor in the linear system |ξ e |. In particular Λ N is dominated by a projective bundle on |f | with fibre |ξ e |, hence it is irreducible and rational of dimension 3.
The structure sheaf O N fits into the exact sequence
In particular we have N N |Fe ∼ = O P 1 ⊕ O P 1 (1). Conversely, the intersection N of two general elements in |ξ e | and |f | is a smooth curve representing a point in Λ N by the Bertini theorem. Moreover, being both O Fe (ξ e ) and O Fe (f ) are globally generated, we know that distinct general elements in Λ N do not intersect each other: for the same reason they do not intersect the general elements in Λ and Λ M .
We close this section by stating the following lemma which will also widely used in the next sections.
Then G is µ-stable (resp. µ-semistable) with respect to O Fe (h) if and only if
Proof. The group Pic(F e ) is generated by the classes of ξ e and f , hence it suffices to apply [11, Corollary 4] : see also [9] .
Monadic description of instanton bundles on the blow up of P 3
In Sections 4, 5, 6 and 7 we deal with the blow up F 1 of P 3 along a line R. For this reason we will omit the e = 1 in the subscripts, simply writing F , ξ, σ, P, h, C
• . In this case ξ 3 = ξ 2 f = 1 and 3(1 + e)a + 9(a + b) = 15a + 9b in Lemma 3.4.
In this section we will construct a monad associated to each instanton bundle on F . In what follows we repeatedly need the cohomology of O F (aξ + bf ). We compute it in the next proposition.
Proposition 4.1. We have
where the summation is 0 if the upper limit is smaller than the lower limit.
Proof. 
On the other hand, if a ≤ −1, then Equality (2.1) yields
The statement then follows by combining the above equalities.
A trivial consequence of the above proposition is that O F (aξ + bf ) is an effective line bundle if and only if a, a + b ≥ 0.
Recall that Mov(F ) ⊆ A 2 (F ) is the dual of the pseudo-effective cone of F , i.e. it is the closure inside A 2 (F ) of the set of cycles ζ ∈ A 2 (F ) such that ζD ≥ 0 for each effective divisor D ⊆ F : for further details on Mov(X) see [13, Section 11, 4 .C]).
Proof. The pseudo-effective cone is generated by the effective divisor aξ + bf , i.e. such that a, a + b ≥ 0. Thus the equality
implies αξ 2 + βξf ∈ Mov(F ) if and only if if and α, β ≥ 0, which is trivial.
Consider the following ordered sets of vector bundles on F Then E is the cohomology in degree 0 of a complex C • with i th -module
Proof. Recall that F ∼ = P(P), hence we can apply [1, Theorem 8] : notice that, with the notation in that paper, P(H) := P(Sym(H ∨ )). In our case, we have H = P(−1
Recall that there is a natural functor A → A
• from the category of coherent sheaves on F to the category of complexes of coherent sheaves on F , where
In particular, [1, Theorem 8] applied to E(ξ −f )
• yields that it is the cohomology of a complex with s+p=i a+b=p
in degree i. It turns out that such a complex is everywhere exact, but in degree 0 where its cohomology is exactly E(ξ − f ). Thus the definitions of F p , G p and simple computations lead to the statement.
We deduce from the above statement that in order to prove Theorem 1.3 we have to compute the cohomologies e p,q := h If c 2 (E) = αξ 2 + βξf and
then e p,q is the number in position (p, q) in the following table. Proof. By definition e p,q = 0 for p ≤ −2 and q = 0, p ≤ −4 and q = 1, p ≥ −1 and q = 4, p ≥ −3 and q = 5.
The vanishings h s F, E ⊗ F p = 0 for s = 0 and each p follow from Lemma 3.4 because E is µ-semistable. The same argument and Equality (2.1) yield the vanishings also for s = 3 and each p. Thus e p,q = 0 also for p = 0, −1 and q = 0, 3, p = −2, −3 and q = 1, 4, p = −4, −5 and q = 2, 5.
Lemma 2.2 yields e −2,q = h q−1 F, E ⊗ F −2 = 0 for q = 2, 3. Thanks to such a vanishing for q = 2, the cohomology of Sequence (3.3) yields
The cohomology of Sequence (3.1) and its dual tensored by E(ξ) and E(−2ξ + f ) respectively, the vanishings proved above and Equality (2.5) yield
By
Proof. All the inequalities follow from the obvious non-negativity of the e p,q 's, but the last line which is obtained by computing the cohomology of Sequence (3.3) tensored by E(−ξ + f ).
Secondly, c 2 (E)h ≥ 27/2 (see Inequality (2.7)). Thus, 14 is the first integral value that c 2 (E)h could attain. Proposition 4.4 allows us to give the following sharper lower bound on the degree of the charge. Corollary 4.6. If E is an instanton bundle on F with c 2 (E) = αξ 2 + βξf , then c 2 (E)h = 4α + 3β ≥ 15.
Proof. Notice that α ≥ 2 and α + β ≥ 4 (see Corollary (4.5)) and c 2 (E)h ≥ 14. If equality occurs and α ≥ 3, then
a contradiction. Thus, we deduce α = 2. The same argument used above yields α = β = 2 necessarily, hence δ = 2γ, thanks to Corollary (4.5).
The cohomology of Sequence (3.3) tensored by E(ξ), Equality (2.5) and the equality h 1 F, E(ξ − f ) = γ + 1 (see the computation of e 0,1 in the proof of Proposition 4.4) imply h 0 F, E(ξ + f ) = γ + 1. Thus E is not µ-semistable thanks to Lemma 3.4, hence it is not an instanton bundle.
The following remark will be helpful for proving Theorem 1.3 stated in the introduction. To this purpose we first notice that O F (aξ + bf ) is globally generated if and only if a, b ≥ 0. Indeed, on the one hand, if a, b ≥ 0 the assertion is a trivial consequence of the existence of a surjective morphism π * P → O F (ξ). On the other hand, if O F (aξ + bf ) is globally generated, then a = (aξ + bf )ξf and b = (aξ + bf )(ξ 2 − ξf ) must be non-negative. 
which is exact everywhere but at C 0 where its cohomology is E. Notice that C i ∼ = C i for i = −1, 0: thus the statement is proved if we check that C 1 is isomorphic to the kernel of the differential C 1 → C 2 . Let ϕ and ψ be the differentials C 1 → C 2 and C 0 → C 1 twisted by the identity of
The functor π * then induces an isomorphism
thanks to the projection formula (see [7, Exercise III.8.1], where we are using that Hom X ·, · are the global sections of Hom X ·, · ). Let θ(ϕ) = φ: if φ is not surjective at x ∈ P 1 , then ϕ is not surjective at the points of π −1 (x). It follows that φ is surjective, hence
By composing ψ with the projections on the summands of ker(ϕ) = im(ψ), we obtain epimorphisms ψ i :
Thanks to Proposition 4.1 it is easy to check that the first space vanishes if λ i ≥ 2 and that the same is true for the second one when λ i ≥ 3. By applying Hom F ·, O F (−λ i f ) to Sequence (3.1) one also deduces that
In particular ψ i cannot be surjective when λ i ≥ 3, hence we deduce
By computing the cohomology of the exact sequence
we finally deduce that η = δ − 2ε, i.e.
We have then a monad C
• whose cohomology is E. In order to complete the proof of the first part of the statement it suffices to check that ε = γ. To this purpose consider the two short exact sequences 0
Proposition 4.1 and the cohomology of the dual of Sequence (3.1) tensored by
Thus the cohomology of the above Sequences (4.1) tensored by O F (ξ − f ) and Equality (2.5) finally returns ε = h 2 F, E(ξ − f ) = γ. Conversely, assume that the cohomology E of Monad (1.2) is a µ-semistable vector bundle of rank 2 (so that h 0 F, E = 0 as pointed out in the introduction). Easy and tedious computations lead to the equalities
Moreover, we can still consider Sequences (4.1) which easily lead to the inequality
for each L ∈ Pic(F ). Let D be either 0, or any smooth element in |aξ + bf |, D = E: thanks to Remark 4.7 we then know that a, b ≥ 0. Thanks to Proposition 4.1 and the cohomology of Sequence (3.1) tensored by O F (−aξ − bf ), Inequality (4.2) with
, then we deduce that E satisfies the instantonic condition, hence it is an instanton, because it is assumed µ-semistable. If D = 0, we obtain the assertion (3) of the statement. Proposition 4.1 and the cohomology of the dual of Sequence (3.1) tensored by
Thus, assertions (1) and (2) can be obtained by computing the cohomology of sequences (4.1) tensored by O F (ξ − df ) respectively, because h 1 F, E(−ξ + df ) = h 2 F, E(ξ − df ) thanks to Equality (2.5), where d = 1, 2.
Remark 4.8. It is natural to ask if the required µ-semistability of the cohomology E of the monad C
• in the second part of the statement of Theorem 1.3 is actually necessary for proving that E is an instanton, or if it can be at least relaxed.
E.g., one could wonder if it can be replaced by the weaker vanishing h 0 F, E = 0, as in the statement of [14, Theorem 4.2] . The µ-semistability of E has been used in the proof of Proposition 4.4 (and hence in the construction of Monad (1.2)) in order to get the vanishings h 0 F, E(ξ − f ) = h 0 F, E(ξ − 2f ) = 0 which do not seem to follow from the vanishing of h 0 F, E .
Indeed, let us consider a morphism ϕ :
where a 1 , a 2 ∈ H 0 F, O F (f ) have no common zeros. Thus ϕ is surjective, hence it defines a monad Φ
• coinciding with Monad (1.2) when α = β = 2 and γ = δ = 0. Taking into account of the definition of ϕ and of Sequence (3.3), we deduce that the cohomology of Φ
•
The following corollary is an immediate consequence of Theorem 1.3 and Corollary 4.2.
Corollary 4.10. Let E be an instanton on F . Then E is earnest if and only if
If this is true, then c 2 (E) ∈ Mov(F ),
Existence of instanton bundles on the blow up of P 3
In this section we will prove the existence of instanton bundles satisfying some extra important properties for all the admissible charges. Again ξ and F denote ξ 1 and F 1 respectively. Construction 5.1. Let α and β be integers such that α ≥ 2, α + β ≥ 4 and 4α + 3β ≥ 15. We take L 1 , . . . , L α−2 and N 1 , . . . , N α+β−4 pairwise disjoint curves corresponding to points in Λ and Λ N respectively and define
If α = 2 and α+β = 4, then 4α+3β = 14, hence the condition 4α+3β ≥ 15 implies Z = ∅. As pointed out in Remarks 3.1 and 3.3, both L i and N j are isomorphic to
Such an isomorphism can be checked component by component. The aformentioned remarks show that
Since we have h 2 F, O F (−ξ + f ) = 0 thanks to Proposition 4.1, it follows from Theorem 2.1 the existence of a vector bundle F on F with a section s vanishing exactly along Z and with c 1 (
Sequence (2.2) for such an s tensored by O F (−2ξ) gives the exact sequence
where E := F (−2ξ). Since h 1 F, O F (−ξ +f ) = 0, it follows that the bundle E is uniquely determined by the scheme Z.
The main result of the section is the following proof of Theorem 1.4 stated in the introduction.
Proof of Theorem 1.4. We trivially have c 1 (E) = −h and c 2 (E) = αξ 2 + βξf by construction. Moreover, h 1 F, E = h 1 F, I Z|F (−ξ − f ) from the cohomology of Sequence (5.2).
For each connected component
The cohomology of the exact sequence
We will now show that E is µ-stable. To this purpose we will make use of Lemma 3.4, proving that if 15a + 9b = µ(O F (aξ + bf )) ≥ µ(E) = −27, i.e. If a = −1, then
We now prove that E is generically trivial. Indeed, if we restrict Sequence (5.2) to a line L ∈ Λ not intersecting Z, one easily obtains the exact sequence
We now prove the assertion on the dimensions of the Ext groups. Since E is µ-stable, then it is simple, hence the equality Ext 3 F E, E = 0 follows from Equality (2.8). We will show below that
F E, E = 8α + 6β − 30 thanks to Equality (2.9).
To this purpose, the cohomology of Sequence (5.2) tensored by
hence it suffices to check that h 2 F, E(ξ + f ) = h 2 F, E ⊗ I Z|F (2ξ) = 0. We first check that h 2 F, E(ξ + f ) = 0. Indeed, thanks to Proposition 4.1 the cohomologies of Sequences (5.2) tensored by O F (ξ + f ) and (5.3) return
The dimension on the right is zero, because Z is the disjoint union of smooth rational curves.
Finally we check that h 2 F, E ⊗ I Z|F (2ξ) = 0. Thanks to Proposition 4.1, the cohomology of Sequence (5.3) tensored by O F (ξ − f ) then yields
Since O F (ξ − f ) restricts to each component of Z to a line bundle of degree either 1 (if the component is in Λ N ), or −1 (if the component is in Λ), it follows that the dimension on the right is zero. In particular h 2 F, I Z|F (ξ − f ) = 0, hence the cohomology of Sequence (5.2) tensored by O F (2ξ) and Proposition 4.1 imply h 2 F, E(2ξ) = 0. We deduce that the cohomology of Sequence (5.3) tensored by E(2ξ) returns
Equality (2.3) and the definition of
Recall that I F (αξ 2 + βξf ) has been defined in the introduction as the locus of points representing instanton bundles with charge αξ 2 + βξf in the moduli space M F (2; 0, αξ 2 + βξf ) of µ-stable vector bundles with respect to O F (h). The following corollary is almost immediate. . Since the latter product is irreducible (see Remarks 3.1 and 3.3), it follows that U is irreducible as well.
Since the bundle E in Sequence (5.2) is uniquely determined by the scheme Z, we obtain in this way a flat family of bundles containing all the bundles obtained via Construction 5.1 and parameterized by U. Thus we deduce the existence of a morphism u : U → I F (αξ 2 + βξf ). Every point in u(U) is smooth because Ext 
In order to compute h 1 F, I Z|F (−2ξ) we consider the cohomology of Sequence (5.3) tensored by O F (−2ξ), taking into
It follows that h 1 F,
6. Existence of earnest instanton bundles on the blow up of P
3
In this section we complete the study of instanton bundles on the blow up F := F 1 of P 3 along a line: again ξ denotes ξ 1 . In spite of the previous Remark 5.3, a different choice of the scheme Z allows us to construct earnest instanton bundles E on F which are generically trivial and µ-stable with c 2 (E) = αξ 2 + βξf for each admissible non-negative integers α, β. Construction 6.1. Let α and β be integers such that α ≥ 2, β ≥ 1 and 4α + 3β ≥ 15. We take M 1 , . . . , M α−2 and N 1 , . . . , N β−1 pairwise disjoint curves corresponding to points in Λ M and Λ N respectively and define
Notice that the restriction 4α + 3β
thanks to Remarks 3.2 and 3.3.
The equality h 2 F, O F (−ξ − f ) = 0 and Theorem 2.1 guarantee the existence of a vector bundle F on F with a section s vanishing exactly along Z and with c 1 (F ) = ξ + f , c 2 (F ) = Z, fitting into Sequence (2.2). Tensoring such sequence by O F (−2ξ − f ) we obtain the exact sequence
where
The main result of the section is the following proof of Theorem 1.5 stated in the introduction.
Proof of Theorem 1.5. We trivially have c 1 (E) = −h and c 2 (E) = αξ 2 + βξf by construction. Arguing as in the proof of Theorem 1.4 one easily obtains from the cohomology of Sequence (6.2) that h 1 F, E = 0. Let us prove that E is µ-stable, i.e. that h 0 F, E(−aξ − bf ) = 0 for each pair of integers a and b satisfying Inequality (5.4). We will check this by showing that
in that range, again computing the cohomology of Sequence (6.2) . This is obvious if either a ≥ 0. If a ≤ −1, then If a = −2, then we have only to deal with b = 1, i.e. we have to check that h 0 F, I Z|F (E) = 0 which is easy to check: similarly for the case a = −3. It follows that E is an instanton bundle.
Restricting Sequence (6.2) to a general line L ∈ Λ one deduces that E is generically trivial. In order to show that E is earnest we can use the same argument of Remark 5.3. The cohomology of Sequence (6.2) tensored by O F (−ξ + f ) and Proposition 4.1 yield
Finally, since
it follows that h 0 Z, O F (−2ξ +f )⊗O Z = 0. Thus E is earnest, thanks to Corollary 4.10.
As in the proof of Theorem 1.4 we know that E is simple, and Ext
F E, E = 0. It remains to check that h 2 F, E ⊗ E ∨ = 0 computing the cohomology of Sequence (5.2) tensored by E ∨ ∼ = E(h): again it suffices to check that
Thanks to Equality (2.5), the former vanishing has been proved in Proposition 4.4, because h 2 F, E(ξ) = h 1 F, E(−ξ) = 0. The latter can be obtained imitating verbatim the argument for proving the analogous vanishing in the proof of Theorem 1.4.
In particular we have proved the existence of earnest instanton bundles inside I F (αξ 2 + βξf ). The same argument of the proof of Corollary 5.2 also proves the following corollary.
Corollary 6.2. For each α, β ∈ Z such that α ≥ 2, β ≥ 1 and 4α + 3β ≥ 15 there is an irreducible component
which is generically smooth of dimension 8α + 6β − 30 and containing all the points corresponding to the bundles obtained via Construction 6.1. In this section we collect some comments and questions on the structure of the moduli space of instanton bundles on F := F 1 .
In view of the irreducibility of the moduli space of instanton bundles on P 3 recently proved in [17, 18] , the following question seems to be natural.
Question 7.1. Is it true that the scheme
is irreducible and smooth?
Let us deal with the above question for instanton bundles E of minimal charge, i.e. instanton bundles whose charge has minimal degree. Corollary 4.6 implies that c 2 (E)h ≥ 15. When equality holds, argueing as in the proof of Corollary 4.6, we deduce c 2 (E) = 3ξ
2 + ξf and we have the following affirmative answer to the above question
thanks to the proposition below.
Proof. As pointed out above we know that if there is an instanton bundle E with c 2 (E)h = 15, then c 2 (E) = 3ξ 2 + ξf . Moreover Construction 5.1 with α = 3 and β = 1 guarantees the existence of at least one such instanton bundle E.
We now prove that E ∼ = Ω F |P 1 (−f ). Since α = 3, β = 1, it follows from by Corollary (4.5) that δ = 2γ. On the one hand, the cohomology of Sequence (3.3) tensored by E and Proposition 4.4 return
On the other hand, Equality (2.5) and Lemma 3.4 yield
It follows δ = 0 and that E is earnest, thanks to Corollary 4.10. Thus Theorem 1.3 implies that E is the cohomology of Monad (1.2) with α = 3, β = 1 and γ = δ = 0, hence E ∼ = Ω F |P 1 (−f ).
Remark 7.3. By combining the above Proposition and Theorem 1.5 we also deduce that Ω F |P 1 (−f ) can be obtained via Construction 6.1 starting from a general section in H 0 F, Ω F |P 1 (2ξ) .
Recall that α + β ≥ 4 for each instanton bundle E with c 2 (E) = αξ 2 + βξf . Thus the aforementioned bundle Ω F |P 1 (−f ) can be viewed as a particular case of instanton bundles such that β = 4 − α, i.e. with charge αξ 2 + βξf . We spend some words about such bundles in what follows.
In the case α + β = 4 one has δ = 2γ. As in the proof of Theorem 1.3 the cohomology of Sequences (4.1) tensored by O F (2ξ) returns h 0 F, E(2ξ) ≥ 2. Let s ∈ H 0 F, E(2ξ) be a non-zero section. Then (s) 0 = C ∪S where C is either empty, or a subscheme of pure codimension 2 and S is either 0, or S ∈ |aξ + bf | with a ≥ 0, a + b ≥ 0. We deduce that E(2ξ − S) has a section vanishing on C, hence h 0 F, E((2 − a)ξ − bf ) = 0. Since E is µ-semistable, it follows from Lemma 3.4 that 15(a − 2) + 9b ≤ −27, hence 2a ≤ 5a + 3b ≤ 1.
Thus S = 0 necessarily and the general s ∈ H 0 F, E(2ξ) vanishes exactly along a subscheme C ⊆ F of pure codimension 2 whose class in A 2 (F ) is c 2 (E(2ξ)) = (α − 2)(ξ 2 − ξf ). Thus E fits into an exact sequence of the form
Since CE = 2 − α and α ≥ 3 because c 2 (E)h ≥ 15 (see Corollary 4.6), we deduce that a component Y of C is contained in E. The line bundle O F (ξ) is globally generated, hence both Y ξ and (C − Y )ξ must be non-negative. We deduce that the class of Y inside A 2 (F ) is u(ξ 2 − ξf ) for some positive u ∈ Z. The natural injection
On the one hand E cannot be earnest because 0 ≥ β ≥ 1 − γ, thanks to Corollary (4.5). On the other hand, in Construction 5.1 we defined a rational map λ :
on the complement of the union of the diagonals. Its image is contained in the component I 0 F (αξ 2 + βξf ). The map λ can never be dominant because the fibre at a point in im(λ) has dimension h 0 F, E(2ξ) − 1 ≥ 1. In particular, unreduced schemes supported on lines in Λ play a non-trivial role in the structure of I F (αξ 2 + βξf ). The discussion above shows that the study of the irreducibility and smoothness of I F (αξ 2 + βξf ) could be quite hard in general. Nevertheless, when α, β ∈ Z satisfy α ≥ 2, β ≥ 1 and 4α + 3β ≥ 15, we constructed in the previous section at least the two irreducible components I 
when β is a positive integer?
We already described above the trivial case α = 3 and β = 1 corresponding to c 2 (E)h = 15. When c 2 (E)h = 16 one easily checks β ≤ 0. Thus the first non-trivial case is c 2 (E)h = 17, which results in α = 2 and β = 3 when β is positive. We will show below that the answer to the above question is affirmative in this case. To this purpose it suffices to check that I earnest F (2ξ 2 + 3ξf ) is irreducible of dimension 4.
Let E be an earnest instanton bundle with c 2 (E) = 2ξ 2 + 3ξf . The cohomology of Sequences (3.3) tensored by E(ξ) and E(ξ + f ) yields h 0 F, E(ξ + 2f ) = 1. Let s ∈ H 0 F, E(ξ + 2f ) be a non-zero section. Then (s) 0 = C ∪ S where C is either empty, or a subscheme of pure codimension 2 and S is either 0, or S ∈ |aξ + bf | with a ≥ 0, a + b ≥ 0. We deduce that E(−S) has a section vanishing on C, hence h 0 F, E((1 − a)ξ + (2 − b)f ) = 0. Since E is µ-semistable, it follows from Lemma 3.4 that 15(a − 1) + 9(b − 2) ≤ −27, hence 2a ≤ 5a + 3b ≤ 2. Thus either a = 1, hence b = −1, or S = 0.
The case a = 1 and b = −1 does not occur. Indeed, on the one hand, we checked above that h 0 F, E(3f ) = 0. On the other hand the cohomology of Sequences (3.3) tensored by E(f ) and E(2f ) returns h 0 F, E(3f ) = 0, a contradiction. We deduce that S = 0. Since c 2 (E(ξ + 2f )) = 0, it follows that E fits into a sequence of the form 
The above discussion implies that the general element actually induces an earnest, generically trivial, µ-stable instanton bundle.
Remark 7.6. It is not difficult to check that the unique value of the charge such that there are instanton bundles which are extensions of line bundles is exactly 2ξ 2 + 3ξf .
8. Instanton bundles on
In this last section we will describe the due changes to the arguments used in the previous sections for dealing with instanton bundles on F 0 = P 1 × P 2 . Again we will omit the subscript e = 0 in the formulas, thus we will simply write F , ξ, σ,
. In this case ξ 3 = 0, ξ 2 f = 1 and 3(1 + e)a + 9(a + b) = 12a + 9b in Lemma 3.4. Moreover, Sequence (3.1) is the pull-back of the standard Euler sequence on P 2 via σ and By definition e −1,1 = h 1 F, E ⊗ F −1 = γ. Moreover, Equality (2.5) implies e −4,3 = e 0,2 . The cohomology of Sequence (3.1) and its dual tensored by E(ξ) and E(−2ξ) respectively and the vanishings e −4,5 = e −2,3 = 0 yield
The statement is then completely proved.
The following corollary and proof of Theorem 1.6 are immediate.
Corollary 8.4. Let E be an instanton bundle with c 2 (E) = αξ 2 + βξf on F . Then α ≥ 2, β ≥ 3 and α + β ≥ 6.
Proof. The statement follows from the obvious non-negativity of the e p,q 's.
Proof of Theorem 1.6. The proof is completely analogous to the one of Theorem 1.3.
If E is an instanton bundle on F , then it suffices to apply 8.2 using the values e p,q calculated in Proposition 8.3 in order to obtain the complex C • where
Conversely, let E be the cohomology C • . Argueing as in the analogous part of the proof of Theorem 1.3 one deduces that c 1 (E) = −3ξ − 2f , c 2 (E) = αξ 2 + βξf , h 1 F, E(ξ − f ) ≤ γ and that E is earnest.
Remark 8.5. Again the µ-semistability of the cohomology E of the monad C • in the second part of the statement of Theorem 1.6 is necessary.
Indeed, the same argument used in Remark 8.5 leads to a surjective morphism ϕ : O F (−2ξ) ⊕ O F (−ξ − f ) ⊕2 → O F (−ξ). Thus we still obtain Monad (1.3) when α = 2, β = 4 and γ = 2, whose cohomology E ∼ = ker(ϕ) ∼ = O F (−2ξ) ⊕ O F (−ξ − 2f ), which is not µ-semistable.
We now prove the existence of instanton bundles via the Serre construction. where E := F (−2ξ − f ).
The bundle E is uniquely determined by Z, because h 1 F, O F (−ξ) = 0.
We are now able to prove Theorem 1.7 stated in the introduction.
Proof of Theorem 1.7. By construction c 1 (E) = −h and c 2 (E) = αξ 2 + βξf . One easily obtains h 1 F, E = 0 from the cohomology of Sequence (8.2). Let us prove that E is µ-stable, i.e. that h 0 F, E(−aξ − bf ) = 0 for each pair of integers a and b such that 12a + 9b ≥ µ(E) = −27, i.e. Thanks to Remark 3.1 we know that F does not contain lines, hence E is generically trivial by definition. Since E is an instanton bundle on F , it follows that it is the cohomology of Monad (1.3), hence it is automatically earnest thanks to Theorem 1.6.
We know that E, being µ-stable, is also simple, hence Ext 3 F E, E = 0. The vanishing h 2 F, E ⊗E ∨ = 0 follows from the cohomology of Sequence (8.2) tensored by E ∨ ∼ = E(h), once we check that h 2 F, E(ξ + f ) = h 2 F, E ⊗ I Z|F (2ξ + f ) = 0. Thanks to Proposition 8.1 we know that h 2 F, O F (−ξ) = 0, hence the cohomology of Sequences (8.2) tensored by O F (ξ + f ) and (5.3) return
